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A solution of the wave equation in four-dimensional space-time, 
with Cauchy data of compact support, vanishes in a cone 1 x 1 < t - p, 
by Huygens’ principle. Thus, even though the energy form is 
conserved, the solution decays to zero as t -+ 0~) with infinite dispatch. 
In the presence of certain perturbations, namely, a bounded star- 
shaped reflecting obstacle or a potential of compact support, the 
solution still decays exponentially (Lax, Morawetz, and Phillips 
[2, 3, 41). The core of the argument in the case of an obstacle is that 
if the solution decays at a uniform rate then it decays exponentially. 
It is shown in Section 1 that a similar principle can be formulated 
in a nonlinear situation. As an example, the local exponential decay 
of solutions of 
u tt - Au + q(x) u3 = 0, (*) 
where q(x) is a nice function of compact support, x E R3, is deduced 
in section 2. 
1. ABSTRACT FORMULATION 
On a real vector space (with no topology) we postulate a semigroup 
of (nonlinear) operators U(t), t > 0. Let {E, : 0 < r < a} be a 
family of nonnegative functionals (local energies) on H such that 
(a) E,[f] < E,[f] for r ,< s, and 
(b) Er[f + 81 = &VI if Wgl = 0. 
We write E, = E for short and assume 
(cl E[Vt)fl d WI. 
* This work was support& in part by National Science Foundation Grant GP-6721. 
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DEFINITION. Given p > 0, we call two elements f and g of H 
equivalent (f -g) if 
Et+“r-J(t)f- W)gl = 0 for all t 3 0. 
THEOREM 1. Assume there is a “modifying” operator M on H with 
the properties. 
(1) w&4 g - Mg 
for g in the range of U(s) M, s 2 2p; 
(II) For each g in the range of M, there exists T > 2p such that 
if E[ g] remains bounded, so does T. 
Then if U(2p) f - Mf, there exist a: > 0 and /3 > 0, (independent of 
r and t) such that 
ET[U(t)f] < Be+t) for O<r<t. 
Sketch of Proof. For t 3 nT + 2p, n > 0, T > 2p, define 
wn(t) = U(t - nT - 2p)[MU(T - 2p)ln Mf. 
We assert that if u(t) = U(t)f, u(nT + 2p) - v,(nT + 2~). 
When n = 0 this is precisely the assumption on f. When n > 0, 
vUnel(nT) belongs to the range of U(T - 2p) M. So by assumption (I) 
the vector 
vn&T + 2~) - o&T + 2~) = [W&3) - Ml %-,(nT) 
is equivalent to zero. The assertion follows by induction. 
So letting e, = E[v,(nT + 2p)], we have 
-LdWl = &nd~n(t)l 6 -%it)l < e, 
for t > nT + 2p. Choose T = T(g) as in assumption (II). For 
simplicity, we assume that T does not depend ong so long as Erg] remains 
bounded by e0 = E(Mf). Applying (II) to g = v,-l((n - 1) T + 2p) 
we find that e, < ie+r . By induction e, < 2-“e, . 
Givens>p,chooseanintegernsothatnT+p <s<(n+ 1) T+p. 
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Then for t > s + p, 
Et.-,[u(t)] < Et-nT-p[u(t)] < 2-“e, < Pe-aS 
where a = T-l log 2 and /3 = 2’+plTE[Mf]. Choose s = t - r. 
In the general case, a different value of T must be chosen at each 
step. 
Remark 1. It is not necessary that the operators be defined 
everywhere in H nor that the semigroup property hold. Assume only 
that M and U(t) (t > 0, U(0) = I) are mappings defined on subsets 
D(M) and D(U(t)) of H, and let R(M) denote the range of M. The 
modified assumptions are: 
(I*) If h E R(M) n D(U(t)) for t > 0, then 
and 
U(s) h G qqt - s - 2p) M) for t >, s + 2p 3 4p, 
E,+,[U(t) h - U(t - s - 2p) MU(s) h] = 0 
(II*) Same as (II) except g E D(MU(T)). 
(III*) f E D( U(t)) n D( U(t - 2~) M) for t > 2p and the equation 
in (I*) holds for h = f and s = 0. 
Remark 2. In the applications to scattering theory there is also 
a semigroup of linear operators U,,(t) and 
u(t) h - U(t - s - 2p) MU(s) h = Uo(t - s) U(s) h (**) 
for h as in (I*), where M = U(2p) - U,,(2p). It follows that 
vn(t) = u(t) - Uo(t - nT) u(nT). 
2. A NONLINEAR WAVE EQUATION 
Denote by 9 the space of C” functions on R3 with compact support. 
THEOREM 2. Let q E B, q >, 0, Q/a 1 x 1 < 0. Let u(x, t) be the 
(unique, Cm) solution of equation (*) with given Cauchy data u(x, 0), 
uf(x, 0) belonging to 9. For all r > 0 there exists 01 > 0 such that the 
local energy 
(&Q + + 1 Vu I2 + 44~4) dx = O(exp(-at)) as t -+ 00. 
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As is well-known such a solution exists globally [l, 61. Let 
H = 9 x 9 and U(t) = the operator carrying Cauchy data at time 0 
into data at time t. Then E = E, is conserved by the group {U(t), 
t real>. Let U,,(t) be the group of unitary operators associated with the 
linear wave equation. Choose p so large that the sphere 1 x j < p 
contains the supports of q and f, where f is the initial datum of the 
solution in question. 
LEMMA. If M = U(2p) - U,(2p) and h E H, then (a) Mh has 
support in j x 1 < 3p and (b) Mh depends only on the values of h in 
1x1 < 3P. 
Proof. Both U(t) h and U,,(t) h represent solutions of the linear 
wave equation for 1 x j > p. So they coincide in j x I > t + p. This 
proves (a). Now the first component w1 of U(t) h - U,,(t) h satisfies 
the inhomogeneous equation 
W 1tt - 4 = -dW) 413. (***I 
So Mh depends only on the restriction of U(t) h to (1 x I < p, 
0 < t < 2p}, w rc h’ h in turn depends only on the restriction of h to 
{I x I G 3Pl. 
Sketch of Proof of Theorem 2. By Huygens principle, U,,( t -s) U(s)h 
vanishes in I x I < t - s - p so long as h vanishes in 1 x I < s + p. 
This is true if h E R(M) and s 3 2p. Letting 
w(t) = U(t) h - U&t - s) U(s) h, 
its first component wi satisfies the equation (w*) whose right side 
thus equals -qw13 for t > s + 2p. So 
w(t)= U(t -s - 2p)w(s + 2p) = U(t -s - 2p)MU(s)h. 
So (w), (I*), and (I) are satisfied. Since f has support in 1 x / < p, 
the same argument (with h = f, s = 0) shows that U(2p) f N Mf. 
Now let gel?(M), T >2p, k = U(T)g, and fish, k = k in 
I x I < 3p. Then U,,(2p) k vanishes in 1 x I < p, and so does U,(2p) k. 
By (b), E[Mk] = E[Mk] < 2E[U(2p) A] + 2E[Uo(2p) K] = 4E[h]. 
So E[Mk] < cE,,[k]. But it was shown in [6] (Theorem 2.4) that 
E&k] < cTm2E[g] with c depending only on p and on the support 
of g, which by (a) is included in 1 x 1 < 3p. This proves (II). 
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3. FURTHER RESULTS 
The method works for (i) obstacles with appropriate boundary 
conditions, (ii) certain potentials without bounded supports, and (iii) 
more general nonlinear terms. Remark 1 is used in those cases when 
the Cauchy problem may not be well-posed. In some cases the estimate 
s m &,[U(t)g] dt < const, E[gl 0 
of [5] can be used instead of that of [6]. For a sub-cubic nonlinear 
term the operator M is compact in the energy norm. 
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